THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH2050A Mathematical Analysis I (Fall 2022)
Suggested Solution of Homework 3



(1)

(2)

2

For any k € N, for any n > k, by definition, x,, + y, < sup,sy Tn + Sup,>; Yn. Then
SUP, 51 (Tn 4 Yn) < SUP,>p Tn + SUP,>p, Yn Taking the limit as k — oo, by the algebraic
property of limit, limsup,,_, . (z, + y») < limsup,,_, ., T, + Hmsup,,_, . yn.

Note that z,, — z,_1 = —%(:pn_l — ZTp_o) for any n > 2. By induction, one can show
Tpp1 — x = (=3) (2o — 2y) for any k € N. Then z, = z; + S (The — 1) =
Ty + (r2 — 71) Z;ll(_i)kfl = 11+ %@2 —az)(1 - (_%)nfl)- Hence, lim, oz, =

4 4 3
Ty + 7(372 — [L’1) = 7272 + 7371.

Note that [z, — 2| = | Y37, (Tsr —2i)| < 32005, lone —axl < 32055, v < {75 for any

n > m. For any € > 0, there exists N € N such that f—l < €. Therefore, |z, — | < €
for any n > m > N, i.e., {x,} is Cauchy. Hence, {z,} is convergent.

Since {z,} is Cauchy, there exists N € N such that for any n > m > N, |z, — x,,| < 1.
If z, # x,, then |z, — x,,| > 1. Thus z, = x,, for any n > m > N, i.e., z, is a constant
forn > N.



